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In this paper we prove a universal bound for nonnegative radial solutions of the p-Laplace
equation with nonlinear source ut = div(|∇u|p−2∇u) + uq , where p > 2 and q > p − 1.
This bound implies initial and ﬁnal blowup rate estimates, as well as a priori estimate
or decay rate for global solutions. Our bound is proved as a consequence of Liouville-type
theorems for entire solutions and doubling and rescaling arguments. In this connection, we
use a known Liouville-type theorem for radial solutions, along with a new Liouville-type
theorem that is here established for nontrivial solutions in R.
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1. Introduction
In this paper we consider nonnegative solutions of the p-Laplace equation with nonlinear source:
ut = div
(|∇u|p−2∇u)+ uq, x ∈ Ω ⊂RN , t ∈ (0, T ), (1.1)
where p > 2, q > p − 1 and Ω = BR(0) = {x | |x| < R} is a ball. The main goal of this paper is to obtain universal a priori
bound of local and global nonnegative solutions of Eq. (1.1). For instance, let r = |x|, we shall show that any radial solution
u = u(r, t) > 0 of (1.1) in (0, R)× (0, T ) satisﬁes the estimate:
u(r, t) C
(
t−
1
q−1 + (T − t)− 1q−1 + (R − r) pq−p+1 ), r ∈ [0, R), t ∈ (0, T ),
provided q > p − 1. Such estimate implies universal initial and ﬁnal blowup rates for local solutions, as well as universal
decay rates for global solutions. The proof of our universal a priori bound is based on two ingredients:
(i) Liouville-type theorem for bounded entire radial solutions of (1.1), i.e., solutions deﬁned for all x ∈RN and all t ∈R.
(ii) Doubling Lemma, following the method of [1,20,21], in the case of semilinear equations and quasilinear porous medium
equations.
In fact, Liouville-type theorems for elliptic, parabolic and hyperbolic equations (or systems) and inequalities have been
proved very useful in many applications. For the readers’ convenience, we refer to the book [18] as a pioneer, in which the
nonlinear capacity method was developed by E. Mitidieri and S.I. Pohozaev. In this connection, we shall establish a new
Liouville-type result for nontrivial solutions in R×R (see Section 3). We shall also rely on the known Liouville-type result
from [28] for the radial case. The main result of this paper is as follows:
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ut = div
(|∇u|p−2∇u)+ uq, in Ω × (0, T ), (1.2)
which blows up at a ﬁnite time T . Then there holds
u(x, t) C
(
t−
1
q−1 + (T − t)− 1q−1 + dist pq−p+1 (x, ∂Ω)), x ∈ Ω, t ∈ (0, T ).
Remark 1.1. Since u is a radial solution, the result can also be written as:
u(r, t) C
(
t−
1
q−1 + (T − t)− 1q−1 + (R − r) pq−p+1 ), r ∈ [0, R), t ∈ (0, T ).
The local and global existences of solution in time, uniqueness and regularity for solution of (1.1) with the initial condi-
tion
u(x,0) = u0(x), (1.3)
have been investigated (see [2,3,5,6,8–10,12–14,26,27]). It is well known that when p > 2 and 1 < q  p − 1 + p/N , the
solution of (1.1) with the initial condition (1.3) always blows up in ﬁnite time, while for q > p−1+ p/N , the blowup occurs
if u0 is large enough and there also exist global solutions if u0 is small. By the ﬁnite blowup we mean there is 0< T < ∞
such that ‖u(·, t)‖∞ is ﬁnite for all t ∈ [0, T ), but
lim
t→T−
sup
∥∥u(·, t)∥∥∞ = +∞,
and T is called blowup time. Moreover, the blowup rate estimate is proved by Zhao and Liang [26] under the assumption
that u0 is radial decreasing. Also, D. Andreucci and A.F. Tedeev [2] studied the more general equation
ut = div
(
um−1|∇u|λ−1∇u)= f (x)uq,
where q >m + λ − 1, q > 1 and λ > 0. Under further assumptions on the exponents, they proved that the solution u blows
up at a ﬁnite time T , and obtained the blowup rate
u(x, t) γ (T − t)−B , |x| (T − t)A,
where the constants γ , A and B are independent of u.
The outline of the paper is as follows: In Section 2, we state some basic properties of the radial steady-states and some
important estimates. The known and new Liouville-type nonexistence theorems are stated in Section 3. Then we shall give
the proof of the new Liouville-type theorem and Theorem 1.1 in Section 4 and Section 5, respectively.
2. Radial steady-states and preliminary
From this section we assume p > 2 and q > p − 1, we introduce the radial steady-states: let ϕ1 be the radial solution of
the equation(∣∣ϕ′∣∣p−2ϕ′)′ + N − 1
r
∣∣ϕ′∣∣p−2ϕ′ + |ϕ|q−1ϕ = 0, r > 0, (2.1)
satisfying ϕ(0) = 1, ϕ′(0) = 0, and the solution is globally deﬁned for r > 0. It is well known that the solutions change signs
due to p < N and q < Np/(N − p) − 1 (see [23, Corollary II(ii)] or [11]). We denote by r1 > 0 its ﬁrst zero. By uniqueness
for the initial-value problem, ϕ′1(r1) < 0, and we may ﬁnd r1 > r1 such that
ϕ1(r) > 0 in [0, r1), ϕ1(r1) = 0>ϕ′1(r1) and ϕ1(r) < 0 in (r1, r1].
By a simple computation, we can deduce
∣∣ϕ′1∣∣p−2ϕ′1 = − 1rN−1
r∫
0
|ϕ1|q−1ϕ1sN−1 ds < 0 in (0, r1],
and (|ϕ′1|p−2ϕ′1)′(0) < 0. Clearly, ϕα = αϕ1(α
q−p+1
p−1 r) is the solution of (2.1) with ϕα(0) = α, ϕ′α(0) = 0 and with the ﬁrst
positive zero rα = α−
q−p+1
p−1 r1. Moreover, we set rα = α−
q−p+1
p−1 r1. As an elementary consequence of the properties of ϕ1, we
obtain the following lemma.
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lim
α→∞ sup
{
ϕ′α(r)
∣∣ r ∈ [0, rα] is such that ϕα(r)m}= −∞.
and
lim
r→rα
ϕ′α(r) = −∞,
uniformly for α > 0 bounded and bounded away from 0.
Remark 2.1. In the case N = 1, Lemma 2.1 still holds since it is easily seen that the ﬁrst positive zero of ϕα is also ﬁnite.
For −∞ < x1 < x2 < ∞, we denote the zero-number over the interval [x1, x2] by Z[x1,x2] , and for any continuous function
w ∈ C([x1, x2]) denotes by Z[x1,x2](w) the number of sign changes of w over [x1, x2]. Then, similar to [22], we obtain the
following monotonicity property of the zero-number in the one-dimensional case. More generally, we refer to [28] for the
radial case.
Lemma 2.2. Let −∞ < x1 < x2 < ∞, 0< T < ∞, p > 2 and q > 1. Let u1,u2 ∈ C([x1, x2] × (0, T )) be solutions of
ut −
(|ux|p−2ux)x = |u|q−1u in (x1, x2)× (0, T ),
and let ω = u1 − u2 . Assume that for each i ∈ {1,2} there holds either
ω(xi, t) 
= 0, 0< t < T ,
or
ω(xi, t) = 0, 0< t < T .
Assume that Z[x1,x2](ω(t0)) < ∞ for some t0 ∈ (0, T ).
(i) Then
Z[x1,x2]
(
ω(s)
)
 Z[x1,x2]
(
ω(t)
)
, t0  t < s < T .
(ii) Assume in addition that u1,u2 > 0 on [x1, x2] × (0, T ) and that ω(·, t1) has a multiple zero at x = x0 for some t1 ∈ (t0, T ) and
x0 ∈ [x1, x2], then Z[x1,x2](ω) drops at t = t1 , i.e.,
Z[x1,x2]
(
ω(s)
)
< Z[x1,x2]
(
ω(t)
)
, t0 < t < t1 < s < T .
Proof. (i) Fix t0 < T1 < T2 < T and let M = max[x1,x2]×[t0,T1]{|u1|, |u2|}. Consider the approximating problem (Pk) where
|ux|p−2ux is replaced with φk(u) = ((ux)2 + 1/k)(p−2)/2ux and |u|q−1u is replaced with a globally Lipschitz function f such
that f (s) = |s|q−1s for |s| M + 1. One can show that the solution u jk ( j = 1,2) of (Pk) with u j as initial–boundary data
at t = t0 and on {x1, x2} × [t0, T1] exists and converges uniformly on [x1, x2] × [t0, T1] to u j as k → ∞ (see [7,24]).
Then for each k, by a direct computation, we ﬁnd that ωk = u1k − u2k satisﬁes a uniformly parabolic equation of the
form
ωt = ak(x, t)ωxx + bk(x, t)ωx + ck(x, t)ω,
where ak , bk , ck are continuous in [x1, x2] × [t0, T1] and ak > 0. For this equation, the nonincreasing property of the zero-
number follows from [9, Theorem 1.1]. In view of the above mentioned uniform convergence, then the desired property can
be easily proved for ω = u1 − u2.
(ii) Under the assumption u1,u2 > 0 on [x1, x2] × (0, T ), we know that u1 and u2 are classical solutions of class C1loc and
ω = u1 − u2 satisﬁes a uniformly parabolic equation of the form
ωt = a(x, t)ωxx + b(x, t)ωx + c(x, t)ω,
where a, b, c are L∞ in (x1, x2)× (0, T ) and a > 0. The desired property follows from [9, Theorem 1.4]. 
Lemma 2.3. Let −∞ < x1 < x2 < ∞, p > 2, q > 1 and u be a positive bounded solution of
ut =
(|ux|p−2ux)x + uq in (x1, x2)× (0, T ). (2.2)
Denote v = uσ for σ ∈ (0,1), N = ‖v‖∞ and d(x) = min{x− x1, x2 − x}. Then we have
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(
Nm
t
)1/p
+ C N
d
+ CNl, in (x1, x2)× (0, T ),
where m = (pσ − p + 2)/σ and l = [p(q − 2+ pσ)+ q + 1]/[pσ(p + 1)].
Proof. Since v = uσ and u satisﬁes (2.2), by a direct computation, we have
vt = a1
(|vx|p−2vx)xvβ1 + a2|vx|p vβ2 + a3vγ ,
where a1, a2, a3 depend on p, q and σ , and β1 = (p − 2)(1 − σ)/σ , β2 = β1 − 1, and γ = (q − 1)/σ + 1. Set v = ψ(w)
where ψ smooth and ψ,ψ ′ > 0 is to be deﬁned later. Then we ﬁnd w satisﬁes
wt = K (w)
(|wx|p−2wx)x + A(w)|wx|p + D(w),
where K (w) = a1ψβ1ψ ′p−2, A(w) = a1(p − 1)ψβ1ψ ′p−3ψ ′′ + a2ψβ2ψ ′p−1 and D(w) = a3ψγ /ψ ′ . Then differentiating on x
and letting z = wx , we derive that z satisﬁes
zt = Azxx + Bzx + A′(w)|z|p z + D ′(w)z,
A = (p − 1)K (w)|z|p−2 and B = (p − 1)K ′(w)|z|p−2z + (p − 1)(p − 2)K (w)|z|p−4zx + pA(w)|z|p−2z. If we set N z = zt −
Azxx − Bzx , then N z = A′(w)|z|p z + D ′(w)z.
Let η = η(x) be a positive C2 function on some interval J ⊂ (x1, x2). Set h(x, t) = ηz, using Nh = ηN z + zNη − 2Aηxzx
and zxη = hx − zηx , we have
Nh = ηN z + zNη − 2Aηx hx − zηx
η
.
Let Lh = ht − Ahxx − Bhx where B = B − 2Aηx/η, then
Lh = ηN z + zNη + 2A ηx
2
η
z
= A′(w)|z|p zη − (p − 1)K ′(w)|z|pηxx
− ηx
(
(p − 1)K ′(w)|z|p + (p − 1)(p − 2)K (w)|z|p−2zx + pA(w)|z|p
)+ 2A η2x
η
z + D ′(w)ηz.
Using ηzx = hx − zηx , then set L˜h = ht − Ahxx − B˜hx , where B˜ = B − (p − 1)(p − 2)K (w)|z|p−2ηx/η, we obtain
L˜h = A′(w)|z|p zη − (p − 1)K ′(w)|z|pηxx − (p − 1)K ′(w)|z|pηx
− (p − 1)(p − 2)K (w)|z|p−2 η
2
x
η
z − pA(w)|z|pηx + 2(p − 1)K ′(w)|z|p−2zη
2
x
η
+ D ′(w)zη. (2.3)
Select ψ(s) = (1+ 6s − s2)N/5 on [0,1], we can ﬁnd, there exist 0< c1 < c2 such that
c1N  φ′(s) c2N, c1Nν  K (s) c2Nν,
c1N
ν  K ′(s) c2Nν, C1Nν  A(s) c2Nν,
c1N
ν −A′(s) c2Nν,
∣∣D ′(s)∣∣ c2Nγ−1, (2.4)
where ν = (p − 2)/σ .
Fix x0 ∈ (x1, x2), put δ = 1/2min{x0−x1, x2−x0}, let θ ∈ (0,1) and choose J = (x0−δ, x0+δ) and η : J → [0,1] satisfying
η(x0) = 1, η(x0 ± δ) = 0, (2.5)
and
|ηx| Cδ−1ηθ , |ηxx| Cδ−2ηθ , (2.6)
with C = C(θ) > 0. A suitable η is given by η(x) = ρ((x− x0)/δ) where ρ(x) = (1− x2)k and k 2, k 1/(1− θ) (cf. [22]).
At points (x, t) ∈ J × (0, T ) such that z 0, combining (2.3), (2.4) and (2.6), we have
L˜h−c1Nν zp+1η + CNν zpδ−2ηθ + CNν zpδ−1ηθ + CNν zpδ−2η2θ−1 + CNν zp−1δ−2η2θ−1 + CNγ−1zη.
Take θ = p/(p + 1), repeatedly using Young’s inequality, we obtain
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p
c1N
ν zp+1η + CNνδ−2(p+1) + CNνδ−(p+1) + CN (p+1)(γ−1)−νp
− 1
p
c1N
ν zp+1η + CNνδ−2(p+1) + CNνδ−(p+1) + CN (p+1)(γ−1)−νp
− 1
2p
c1N
ν zp+1η− 1
2p
c1N
νhp+1. (2.7)
At points (x, t) ∈ J × (0, T ) such that h(x, t) Cδ−2 + CN , where  = (((γ − 1)(p + 1)− ν)/p − 1)/(p + 1). It is clear that
h(x, t) = Cδ−2 + CN + C(Nνt)−1/p is a sup-solution of (2.7), at point (x0, t), we have
vx(x0, t) = ψ ′(w)wx(x0, t) = ψ ′(w)h(x0, t)
 c2N
(
Cδ−2 + CN + C(Nνt)− 1p )
 C
(
Np−ν
t
) 1
p
+ C N
δ2
+ CN+1.
Fix 0 < t1 < t2 < T and x1 < ρ1 < ρ2 < x2, let Q = (ρ1,ρ2) × (t1, t2) and uk be the approximating sequence of positive
smooth solutions on Q , put vk = uσk and Nk = supQ vk . Then for all (x, t) ∈ (ρ1,ρ2)× (t1, t2), we have∣∣vkx(x, t)∣∣ C( Nmt − t1
)1/p
+ C N
min{(x− ρ1)2, (ρ2 − x)2} + CN
l.
Since uk convergent to u on Q as k → ∞, it follows that v satisﬁes∣∣vx(x, t)∣∣ C( Nm
t − t1
)1/p
+ C N
min{(x− ρ1)2, (ρ2 − x)2} + CN
l.
Passing to the limit ρ1 → x1, ρ2 → x2, t1 → 0 and t2 → T , thus Lemma 2.3 is proved. 
Remark 2.2. For N  2, the similar estimate holds for the radial case, we refer to [28].
3. Liouville-type results
In this section, we address the existence of entire nonnegative solutions of (1.1), i.e., solutions which are deﬁned in the
whole domain RN and for all positive and negative time t ∈R. Our interest concerns the range p > 2 and q > p−1. Indeed,
it is well known (see [7,23,25]) that for p < N and q Np/(N − p)−1, Eq. (1.1) admits positive stationary solution v , where
v is the solution of
−div(|∇u|p−2∇u)= uq in Ω × (0, T ). (3.1)
On the contrary, it is shown in [23] that (3.1) has no nontrivial solutions v  0 for 1< q < Np/(N− p)−1. As a consequence,
(1.1) has no stationary nontrivial solutions when 1< q < Np/(N − p)− 1.
For the semilinear case, that is p = 2, the more general question of the parabolic Liouville-type property, i.e., the nonex-
istence of entire solutions to (1.1) has received a particular attention in the past few years. In fact, for q  qS , where qS is
the Sobolev critical exponent,
qS =
{
N+2
N−2 , if N  3,
∞, if N ∈ {1,2},
such entire solutions exist. While for N  3 and q < qS , the nonexistence of positive entire solutions which are radial
and decreasing has been proved by Matos and Souplet [16]. Moreover, the nonexistence for the radial case without any
restrictions on the dimension is proved in [19]. As a consequence of the result of Merle and Zaag [17], for q < qS , there are
no positive entire solutions satisfying the extra condition
lim
t→∞ sup |t|
1
p−1
∥∥u(·, t)∥∥L∞(RN ) < ∞.
A result of Bidaut-Véron (see [4]) implies the nonexistence of positive bounded entire solutions in the larger range p <
N(N + 2)/(N − 1)2. It has shown (see [4,19]) that (1.1) has no nontrivial nonnegative classical solution u, such that u
is radial and bounded for 1 < q < qS . More generally (see [4]), (1.1) has no nontrivial nonnegative classical solution for
1< q < qB , where
qB =
{
N(N+2)
(N−1)2 , if N  2,
∞, if N = 1.
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Indeed, the following nonexistence result was proved.
Theorem 3.1. Assume 2< p < N and p − 1< q < Np/(N − p)− 1, then the equation
ut = div
(|∇u|p−2∇u)+ uq, x ∈RN , t ∈R,
has no nontrivial nonnegative radial bounded classical solution.
Theorem 3.1 was proved in [28] by the intersection-comparison arguments. It is natural to conjecture that the result
should be true also for nonradial solutions, particularly, in the one space-dimensional case. However, it remains an open
question up to now. Similar to [28, Theorem 1.1], we have the main result of this section:
Theorem 3.2. Assume p > 2 and q > p − 1, then the equation
ut =
(|ux|p−2ux)x + uq, x ∈R, t ∈R, (3.2)
has no nontrivial bounded classical solution u  0.
4. Proof of Theorem 3.2
In this section, we give the proof of the Liouville-type theorem for the one-spatial case, that is Theorem 3.2. For this
purpose, we shall use the arguments similar to those in [22,28]. We will ﬁrstly need the following lemma.
Lemma 4.1. Assume p > 2 and q > p − 1, let u  0 be a bounded solution of
ut = (p − 1)|ux|p−2uxx + uq in R×R.
(i) Then
Z[−rα,rα ]
(
u(· + b, t)− ϕα
)
 2, t ∈R, α > 0, b ∈R. (4.1)
(ii) Let t ∈R be such that u(·, t) 
≡ 0. Then there exist α > 0 and b ∈R such that
Z[−rα,rα ]
(
u(· + b, t)− ϕα
)
 3. (4.2)
Proof. (i) Since u(x, t)  0 > ϕα for x = ±rα , and u(·, t)  ϕα cannot hold on [−rα, rα] due to [28, Lemma 4.1], by the
comparison principle, then the assertion follows.
(ii) By a shift in x we may assume u(0, t) > 0. Choose α > 0 small such that u(0, t) > α = ϕα(0). Since the fact that
u(·, t) ϕα cannot hold on [−rα, rα] and (4.1), we either have (4.2) for b = 0 or u(·, t)− ϕα has no sign change in [−rα,0]
or no sign change in [0, rα]. Assume that u(·, t)−ϕα has no sign change in [−rα,0], we start shifting the graph of u(·, t)−ϕα
to the right. It is clear that, for some b < 0, one of the following holds:
(a) u(· + b, t)− ϕα has at least two sign changes for r > 0 and at least one for r < 0.
(b) u(· + b, t) ϕα on [−rα, rα].
But clearly (b) is impossible, hence (a) holds. Therefore (ii) is proved. 
Lemma 4.2. Assume p > 2 and q > p − 1, then any nontrivial bounded solution u  0 of (3.2) is positive in R×R.
Proof. It is similar to the proofs of [28, Lemma 3.3] and [22, Lemma 5.2]. Let u  0 be a nontrivial bounded solution of
(3.2) and suppose for contradiction that u(x0, t) = 0 for some x0 ∈R. By Lemma 2.3, we have∣∣(uσ )x∣∣ C in R×R, (4.3)
where σ ∈ (0,1). It is similar to the proofs of Lemma 3.3 in [28] and Lemma 4.1 in [22], we show
u(·, t) → 0, t → −∞ uniformly in compact subsets of RN . (4.4)
For ﬁxed t0 ∈R such that u(·, t0) 
= 0, we deduce from Lemma 4.1(ii) that
Z[−r ,r ]
(
u(· + b, t)− ϕα
)
 3, (4.5)α α
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±(u(· + b, t)− ϕα) is strictly increasing for rα −  < ±x< rα.
On the other hand, due to (4.4), there exists T = T < 0 such that
u(x+ b, t)− ϕα(x) < 0, |x| rα − , t  T .
Since u(· + b, t)− ϕα > 0 for rα < |x| < rα and t ∈R, we deduce that
Z[−rα,rα ]
(
u(· + b, t)− ϕα
)= 2 for t  T .
But in view of (4.5), this contradicts the nonincreasing property of the zero-number. 
Proof of Theorem 3.2. Assume it were false. That is, there exists u  0, nontrivial bounded and satisfying (3.2). By
Lemma 4.2, we may assume that u is positive. It follows from Lemma 2.1 and (4.3) that if α is large enough then u(·, t)−ϕα
has exactly two zeros in [−rα, rα] for any t and the zero is simple.
Set
α0 = inf
{
β > 0
∣∣ Z[−rα,rα ](u(·, t)− ϕα)= 2 for all t < 0 and α  β}.
In view of the discussion about α in Section 2 and Lemma 4.1, we have 0 < α0 < ∞. By Lemma 4.1 and the deﬁnition of
α0, there are sequences αk ↗ α0 and tk  0 such that
Z[−rαk ,rαk ]
(
u(·, t)− ϕαk
)
 3, k = 1,2, . . . .
By the nonincreasing property of the zero-number, we get
Z[−rαk ,rαk ]
(
u(·, tk + t)− ϕαk
)
 3, k = 1,2, . . . , t  0. (4.6)
This in particular allows us to assume, choosing different tk if necessary, that tk → −∞. By the boundedness assumption
and Hölder estimate for p-Laplace equations, passing to a subsequence, we may further assume that
u(·, tk + t) → u˜ uniformly on compact subsets of R×R, (4.7)
where u˜  0 is a bounded solution of (3.2). Due to Lemma 4.2, we have either
(i) u˜ ≡ 0, or
(ii) u˜ > 0 in R×R.
Consider case (i). Arguing similarly to the corresponding case of Lemma 3.3 in [28], we ﬁrst note that, for some small
 > 0 and all large k,
±(u(·, tk)− ϕαk) is strictly increasing for rαk −  < ±x< rαk .
Also, (4.7) implies that
u(x, tk)− ϕαk (x) < 0 for |x| rαk − ,
for k large enough. Since u(±rαk , tk) > 0 = ϕαk (rαk ), we deduce that
Z[−rαk ,rαk ]
(
u(·, tk)− ϕαk
)= 2,
for k large enough. This contradicts (4.6).
Consider case (ii). It is clear that there are , δ > 0 such that
u(x, tk + t)− ϕαk  , rα0 − δ  |x| rα0 + δ, −1 t  0, (4.8)
for k large. Note that
ϕαk → ϕα0 in C1
([−rα0 + δ, rα0 − δ]). (4.9)
Eqs. (4.6)–(4.9) guarantee that, for each t ∈ [−1,0], u˜(·, t) − ϕα0 has at least three zeros or a multiple zero in [−rα0 + δ,
rα0 −δ], and moreover u˜(x, t)−ϕα0 (x)  , rα0 −δ  |x| rα0 , −1 t  0. To reach a contradiction, we consider the following
subcases:
132 Z. Zhang, Z. Li / J. Math. Anal. Appl. 385 (2012) 125–134(ii1) Z[−rα0+δ,rα0−δ] (˜u(·, t) − ϕα0)  2 for each t ∈ [−1,0]. Then u˜(·, t) − ϕα0 has at least one multiple zero for each t ∈[−1,0] (otherwise, it has at least three simple zeros), then Z[0,rα0−δ] (˜u(·, t)− ϕα0) 3. But Lemma 2.3(ii) implies that
Z[−rα0+δ,rα0−δ](˜u(·, t)− ϕα0) drops at each t ∈ [−1,0], which is an obvious contradiction.
(ii2) There exists t0 ∈ [−1,0] such that Z[−rα0+δ,rα0−δ] (˜u(·, t0) − ϕα0)  3. We choose t < 0 such that u˜(·, t0) − ϕα0
has only simple zeros (hence at least three of them). But then, for αk > α0 and αk close to α0, by continuity,
Z[−rα0+δ,rα0−δ](˜u(·, tk + t0)− ϕαk ) 3 for k large, contradicting the deﬁnition of α0.
Thus we have shown that the assumption u 
≡ 0 leads to a contradiction, which proves Theorem 3.2. 
5. Proof of Theorem 1.1
A key-ingredient in our proof is the following Doubling Lemma indicated in [20,21], which is an extension of an idea of
Hu [15].
Lemma 5.1. Let (X,d) be a complete metric space and let ∅ 
= D ⊂ Σ ⊂ X, withΣ closed. Set Γ = Σ − D. Finally let M : D → (0,∞)
be bounded on compact subsets of D and ﬁx a real k > 0. If y ∈ D is such that
M(x)dist(x,Γ ) > 2k,
then there exists x ∈ D such that
M(x)dist(x,Γ ) > 2k, M(x) M(y),
and
M(z) 2M(x) for all z ∈ D ∩ BX
(
x,kM−1(x)
)
.
Remark 5.1. In [20], Lemma 5.1 was used with X =RN , Σ = Ω (Ω domain of RN ), and Γ ⊂ ∂Ω , with the usual Euclidean
distance d(x, y) = |x− y|. In [21], Lemma 5.1 was used in X =RN+1 with the parabolic distance dp((x, t), (y, s)) = |x− y| +
|t− s|1/2. More complexly, in [1], it was used to prove the a priori estimates about the porous medium equation with a new
parabolic distance dp((x, t), (y, s)) = |x − y|1/α + |t − s|1/β . Here, we shall take X = RN+1 with a new parabolic distance,
similar to [1], dp((x, t), (y, s)) = |x− y| + |t − s|1/β , with β different from [1].
Proof. For τ = p/(q − p + 1), let us deﬁne a parabolic distance on X =RN+1, by
dp
(
(x, t), (y, s)
)= |x− y| + |t − s| 1β ,
where β = τ (q − 1). Then we proceed by contradiction. Assume that uk, (yk, sk) ∈ Dk = Ω × (0, Tk) such that uk solves
(1.2) (with T replaced by Tk) and the function Mk = u1/τk satisﬁes Mk(yk, sk) > 2kd−1p ((yk, sk), ∂Dk). We apply Doubling
Lemma with X = RN+1 equipped with the parabolic distance dp and Σ = Σk = Dk = Ω × [0, Tk], D = Dk = Ω × (0, Tk),
Γ = ∂Dk = Ω × {0, Tk}. According to Lemma 5.1, there exists (xk, tk) ∈ Dk such that
Mk(xk, tk) Mk(yk, sk), Mk(xk, tk) > 2kd−1p
(
(xk, tk),Γk
)
and
Mk(x, t) 2Mk(xk, tk) for all (x, t) ∈RN+1,
such that dp((x, t), (xk, tk)) kλk , where λk = M−1k . Since
|t − tk|
1
β  dp
(
(x, t), (xk, tk)
)
 kλk < dp
(
(xk, tk),Γk
)
/2min{tk, Tk − tk}
1
β ,
then we have t ∈ (0, Tk) and{
(x, t) ∈RN+1 ∣∣ dp((x, t), (xk, tk)) kλk}⊂ Dk.
Then by a simple computation, passing to a subsequence, we can get two subcases:
(a) the sequence {|xk|/λτk } is bounded;
(b) the sequence {|xk|/λτ } is unbounded.k
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xk
λτk
→ x˜0 ∈RN , as k → ∞.
Let
vk(y, s) = λτk uk
(
λk y, tk + λβk s
)
, (y, s) ∈ D˜k,
where D˜k = {y ∈RN | |y| k/4} × (−(k/2)β , (k/2)β). (y, s) ∈ D˜k implies that (x, t) = (λk y, tk + λβk s) satisﬁes
|x− xk| + |y − yk|1/β  λk
(|y| + |xk|/λk + |s|1/β)< kλk,
for k large enough, that is, (x, t) ∈ Dk . The function vk is a local solution of (1.1), moreover, vk(xk/λk,0) = 1 and
vk(y, s) = λτk uk(x, t)
= M−τk uk(x, t)
=
(
Mk(x, t)
Mk(xk, tk)
)τ
 2τ .
Passing to the limit with k → ∞, we obtain a solution v of (1.1) in RN ×R. Moreover v is radial bounded and v (˜x0,0) = 1.
This contradicts Theorem 3.1.
In case (b), let rk = |xk|, we may assume that
rk
λk
→ ∞ as k → ∞.
Since u is radial, we write uk = uk(r, t) where r = |x|, and set
vk(ρ, s) = λτk u
(
xk + λkρ, tk + λβk s
)
, (ρ, s) ∈ D˜k,
where D˜k = (min{rk/λτk ,k/2},k/2) × (−(k/2)β , (k/2)β). (ρ, s) ∈ D˜k implies that (x, t) = ((xk + λkρ,0, . . . ,0), tk + λβk s) ∈ Dk
and vk(ρ, s) 2τ . Moreover vk(0,0) = 1. We claim that vk is a local solution of the equation
vs = (p − 1)|vρ |p−2vρρ + N − 1
ρ + rk/λk |vρ |
p−2vρ + vq, in D˜k.
Apply Lemma 2.3 to u = uk with
x1 = x1k = max
{
0, rk − kλk2
}
, x2 = x2k = rk + kλk2 ,
T1 = t1k = tk −
(
kλk
2
)β
, T2 = t2k = tk +
(
kλk
2
)β
,
and
N = M˜k = Mk(xk, tk)στ = cλ−στk .
Let
D˜k =
(
−min
{
rk
λk
,
k
2
}
+ 1, k
2
− 1
)
×
(
−k
2
,
k
2
)
.
For all (ρ, s) ∈ D˜k , (r, t) = (rk + λkρ, tk + λβk s) satisﬁes
min(r − x1k, x2k − r) λk and t − t1k  λβk .
Then for (ρ, s) ∈ D˜k , choose σ ∈ ((p − 2)/(2p + 1),1), we have
|vρ | λτ+1k
∣∣(uk)r∣∣ Cλτ+1k u1−σk ∣∣(uσk )r∣∣
 Cλτ+1k λ
−τ (1−σ )
k
(
Nm/pλ−β/pk + Nλ−2k + Nl
)
 Cλστ+1k
(
λ
−(σ τm+β)/p
k + λ−(2+στ)k + λ−στ lk
)
 Cλ
p−q+1
q−p+1+1  C .k
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N − 1
ρ + rk/λk |vρ |
p−2vρ → 0, as k → ∞.
Passing to the limit, we obtain a nonnegative bounded solution of the equation
vs = (p − 1)|vρ |p−2vρρ + vq in R×R,
satisfying v(0,0) = 1, which contradicts Theorem 3.2. Thus the universal bound estimate is proved. 
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